Abstract. We construct a differential calculus over the noncommutative 4-sphere in the framework of pseudo-Riemannian calculi, and show that for every metric in a conformal class of perturbations of the round metric, there exists a unique metric and torsion-free connection. Furthermore, we find a localization of the projective module corresponding to the space of vector fields, which allows us to formulate a Gauss-Chern-Bonnet type theorem for the noncommutative 4-sphere.
Introduction
Over the last years, there have been increasing interests in understanding the curvature of noncommutative manifolds. Starting from seminal work on the scalar curvature and Gauss-Bonnet type theorems for the noncommutative torus [CT11, FK12, CM14] many interesting papers that discuss different aspects of curvature in the noncommutative setting have followed [Ros13, DS13, FK13, Arn14, FK15, LM15, Liu15, PS15, DS15, AW16, ESW16] . Note that these are only examples of recent progress in the area; several authors have previously considered curvature in this context (see e.g. [CFF93, DVMMM96, Maj05, AC10, BM11, AHH12]). Although connections on projective modules and their corresponding curvatures are natural objects in noncommutative geometry, classical objects that are built from the curvature tensor, like Ricci and scalar curvature, do not always have straightforward analogues. Therefore, it is interesting to study as to what extent such concepts are relevant for noncommutative geometry.
For Riemannian manifolds, the Gauss-Chern-Bonnet theorem provides an important link between geometry and topology. It states that the integral of the Pfaffian of the curvature form (of a closed even dimensional manifold) is proportional to the Euler characteristic, which is a topological invariant. For a two dimensional manifold, the Pfaffian is simply the scalar curvature, which reduces the GaussChern-Bonnet theorem to the Gauss-Bonnet theorem. Therefore, to understand similar theorems for two dimensional noncommutative manifolds, one needs to find a proper definition of the scalar curvature. For a Riemannian manifold, the asymptotic expansion of the heat kernel contains information about the scalar curvature in one of the coefficients. The expansion of the heat kernel makes sense even for a noncommutative manifold, and the very same coefficient serves as a definition of noncommutative scalar curvature. For the noncommutative torus, the scalar curvature corresponding to certain perturbations of the flat metric has been computed, and it is possible to show that a Gauss-Bonnet type theorem holds; i.e., the trace of the scalar curvature is independent of the metric perturbation [CT11, FK12] . However, for higher dimensional manifolds, it is not clear how to define the analogue of the Pfaffian of the curvature form in order to formulate the Gauss-Chern-Bonnet theorem.
In this paper we construct a differential calculus over the noncommutative 4-sphere, in the framework of pseudo-Riemannian calculi [AW16] , and introduce a projective module in close analogy with the space of vector fields on the classical 4-sphere. Moreover, via a suitable localization of the algebra, we find a local trivialization of the projective module and prove the existence of (unique) metric and torsion-free connections for a class of perturbations of the round metric. Finally, we show that in this particular case, there exists a naive analogue of the Pfaffian of the curvature form, which allows us to prove a Gauss-Chern-Bonnet type theorem for the noncommutative 4-sphere.
This paper is organized as follows: In Section 2.1 we briefly recall the concept of a pseudo-Riemannian calculus, and Section 2.2 introduces a particular parametrization of the classical 4-sphere. Sections 3.1 and 3.2 are devoted to the construction of a real metric calculus over the noncommutative 4-sphere, and Section 3.3 discusses certain aspects of localization. These results are then used in Section 3.4 to construct a pseudo-Riemannian calculus, giving metric and torsion-free connections for a class of perturbed metrics. Finally, Section 4 introduces a trace for the noncommutative 4-sphere, and formulates a version of the Gauss-Chern-Bonnet theorem.
Preliminaries
2.1. Pseudo-Riemannian calculi. Let us briefly recall the terminology from [AW16] concerning pseudo-Riemannian calculi, as this is the context in which we shall construct a differential calculus over the noncommutative 4-sphere.
To define a pseudo-Riemannian calculus over an algebra A, we proceed in two steps. First, we define a real metric calculus over an algebra A by choosing a (right) A-module M , together with a non-degenerate bilinear form (the metric), as well as a Lie algebra of derivations and a map ϕ that associates an element of M to each derivation. Next, a pseudo-Riemannian calculus is defined to be a real metric calculus for which there exists a metric and torsion-free connection on M .
To fix our notation and terminology, let us recall the following definitions:
A hermitian form is non-degenerate if h(U, V ) = 0 for all V ∈ M implies that U = 0. For brevity, we simply refer to a non-degenerate hermitian form as a metric on M . The pair (M, h), where M is a right A-module and h is a hermitian form on M , is called a (right) hermitian A-module. If h is a metric, we say that (M, h) is a (right) metric A-module.
Definition 2.2 ([AW16]
). Let (M, h) be a (right) metric A-module, let g ⊆ Der(A) be a (real) Lie algebra of hermitian derivations and let ϕ : g → M be a R-linear map. If we denote the pair (g, ϕ) by g ϕ , the triple (M, h, g ϕ ) is called a real metric calculus if
Definition 2.3 ([AW16]
). Let (M, h, g ϕ ) be a real metric calculus and let ∇ denote an affine connection on (M, g). If
A metric and torsion-free real connection calculus over M is called a pseudo-Riemannian calculus over M .
Given a real metric calculus (M, h, g ϕ ), it is natural to ask if it is possible to find an affine connection such that (M, h, g ϕ , ∇) is a pseudo-Riemannian calculus. In general, this is not possible, but if such a connection exists, it is unique.
Theorem 2.5 ([AW16]
). Let (M, h, g ϕ ) be a real metric calculus over M . Then there exists at most one affine connection ∇ on (M, g), such that (M, h, g ϕ , ∇) is a pseudo-Riemannian calculus.
2.2.
Embedding of S 4 in R 5 . The geometric constructions for the noncommutative 4-sphere will closely follow that of classical geometry. Therefore, let us review an explicit parametrization of S 4 , giving a chart that covers almost all of the manifold. Furthermore, we present a particular basis for vector fields over that chart.
As a subset of R 5 , the 4-dimensional sphere is defined as
and we let U 0 ⊆ S 4 denote the chart of S 4 given by
where 0 < ξ 1 , ξ 2 < 2π, 0 < ϕ < π/2 and −π/2 < ψ < π/2. Equivalently, one may consider z = x 1 + ix 2 , w = x 3 + ix 4 and t = x 5 with z = e iξ1 cos(ϕ) cos(ψ)
At each point p ∈ U 0 , the tangent space T p S 4 is spanned by the vectors ∂ ξ1 x = (− sin ξ 1 cos ϕ cos ψ, cos ξ 1 cos ϕ, cos ψ, 0, 0) = (−x 2 , x 1 , 0, 0, 0)
∂ ξ2 x = (0, 0, − sin ξ 2 sin ϕ cos ψ, cos ξ 2 sin ϕ cos ψ, 0) = (0, 0, −x 4 , x 3 , 0)
∂ ϕ x = (− cos ξ 1 sin ϕ cos ψ, − sin ξ 1 sin ϕ cos ψ, cos ξ 2 cos ϕ cos ψ, sin ξ 2 cos ϕ cos ψ, 0)
∂ ψ x = (− cos ξ 1 cos ϕ sin ψ, − sin ξ 1 cos ϕ sin ψ, − cos ξ 2 sin ϕ sin ψ, − sin ξ 2 sin ϕ sin ψ, cos ψ).
These vector fields are defined in the local chart U 0 and we would like to extend them to global vector fields on S 4 (however, not providing a basis at each point of S 4 ). As written above, ∂ ξ1 x and ∂ ξ2 x may be extended to all of S 4 , since all components can be expressed in terms of x 1 , . . . , x 5 . By rescaling ∂ ϕ x and ∂ ψ x one obtains
which are well defined as vector fields on S 4 . Thus, the globally defined vector fields given by
span the space of vector fields over U 0 . For later comparison, let us write down the action of the derivations corresponding to the above vector fields:
(2.1)
3. The noncommutative 4-sphere 3.1. Basic properties of S 4 θ . For θ ∈ [0, 1), we let S 4 θ denote the unital * -algebra (over C) generated by Z, W and T , satisfying the relations [CL01, DL02] 
for j, k, l, m ∈ {0, 1, 2, . . .} and ǫ ∈ {0, 1} (where, e.g., higher powers of T are eliminated by using the relation T 2 = 1 − ZZ * − W W * ). For convenience, let us introduce the multi-index notation I = (j, k, l, m, ǫ) and 
Proof. Using (3.1) one obtains 
Clearly, setting ZZ * a = 0 gives a I = 0 for all I since {e I } is a basis for S 4 θ . Similarly, we consider
and conclude that W W * a = 0 gives a = 0. Finally, we compute
a I−1W e I + l=0, j,k≥1
Note that in the above expression, every basis element appears at most once. Therefore, setting (1 − T 2 )a = 0 immediately gives a j,k,l,m,ǫ = 0 if at least one of j, k, l, m is zero. If j, k, l, m ≥ 1 one gets
which, by iteration, gives
Hence, since a j,k,l,m,ǫ = 0 if at least one of j, k, l, m is zero, one concludes that
which, together with the previous observation, shows that a = 0.
We have already noted that ZZ * , W W * and T are central elements. The next results shows that if θ is an irrational number, then these elements generate the center of S 
where a jkǫ ∈ C, j, k ∈ {0, 1, 2, . . .} and ǫ ∈ {0, 1}.
Proof. Let a be an arbitrary (nonzero) central element of S 4 θ and write a = I a I e I .
In particular, a has to commute with Z, and one computes giving j = k in analogy with the previous case. Thus, an element a ∈ Z(S 4 θ ) must be of the following form
and it is clear that any element of the above form is in Z(S Let us introduce
and note that
2 , as well as
Moreover, the normality of Z and W is equivalent to [
Next, let us show that there exist noncommutative analogues of the four derivations appearing in (2.1).
Proposition 3.5. There exist hermitian derivations∂ 1 ,∂ 2 ,∂ 3 ,∂ 4 such that
and it follows that
Proof. If the derivations exist, the relations given above (together with the fact that they are hermitian derivations), completely determine their actions via Leibniz' rule. However, for these derivations to be well-defined, one has to check that they respect the defining relations (3.1) of S 4 θ . For instancẽ
(using that |Z| 2 and |W | 2 are central). In this way, relations (3.1) can be checked for the derivations∂ 1 ,∂ 2 ,∂ 3 ,∂ 4 . 3.2. A real metric calculus over S 4 θ . In this section, we shall introduce a differential calculus over S 4 θ in close analogy with the classical parametrization in Section 2.2. The calculus will be constructed in the framework of pseudo-Riemannian calculi, as developed in [AW16] , and briefly reviewed in Section 2.1.
To this end, we introduce four elements of the free (right) module (S 4 θ ) 5 that correspond to the classical vector fields e 1 , e 2 , e 3 , e 4 in Section 2.2. However, in order to properly define a connection, one needs to slightly rescale e 1 and e 2 . Thus, we consider the following elements of (S 4 θ )
5 :
and let M be the submodule of (S 4 θ ) 5 generated by {E 1 , E 2 , E 3 , E 4 }. Note that there are no ordering ambiguities when defining these elements, since |Z| 2 , |W | 2 and T are central. This module is the analogue of the local vector fields over the chart U 0 , and the corresponding local triviality is reflected in the following result.
} is a basis, we assume that
and show that this implies that a = b = c = d = 0. Relation (3.2) is equivalent to the equations
which immediately implies that d = 0 (since 1 − T 2 is not a zero divisor by Proposition 3.2), and the remaining equations may be written as
The sum of (3.3), multiplied from the left with X 1 , and (3.4), multiplied from the left by X 2 gives
(using that [X 1 , X 2 ] = 0) which implies that c = 0 since neither |Z| 2 nor |W | 2 is a zero divisor (by Proposition 3.2). Hence, one is left with the equations
and since 1 − T 2 is not a zero divisor one obtains
which implies that a = b = 0. Thus, we have shown that
In the module M , we introduce the restriction of the canonical metric on (S
As we shall be interested in perturbations of the standard metric, we introduce
θ is assumed to be a hermitian, central and regular element. Since h δ is diagonal, and each diagonal element is regular, it follows immediately that h δ is non-degenerate on M ; i.e.
Thus, the pair (M, h δ ) is a metric module (cf. Definition 2.1). To construct a real metric calculus over (M, h δ ) (cf. Definition 2.2), we need to associate derivations to E 1 , E 2 , E 3 , E 4 . In analogy with the classical situation, we consider the following derivations
given as in Proposition 3.5. (Note that ∂ 1 and ∂ 2 are derivations since 1 − T 2 is central.) These derivations generate an infinite-dimensional Lie algebra.
Proposition 3.7. For n ∈ N 0 , the hermitian derivations
where
Proof. The proof consists of straight-forward computations using the definition of ∂ 1 ,∂ 2 ,∂ 3 ,∂ 4 in Proposition 3.5.
We let g denote the (real) Lie algebra spanned by ∂
3 , ∂ 4 , and let ϕ : g → M be the R-linear map defined by
The pair (g, ϕ) is denoted by g ϕ .
Proposition 3.8. The triple (M, h δ , g ϕ ) is a real metric calculus over S 4 θ . Proof. As already noted, the metric h δ is non-degenerate on M and, by definition, {E 1 , E 2 , E 3 , E 4 } generates M , which implies that the image of ϕ generates M . Finally, since every component of h δ is hermitian, it follows that h δ (E, E ′ ) is hermitian for all E, E ′ in the image of ϕ. This shows that the triple (M, h δ , g ϕ ) satisfies all the requirements of a real metric calculus.
Given a real metric calculus (M, h δ , g ϕ ), there exists at most one metric and torsionfree connection on the module M (cf. Theorem 2.5). In Section 3.4 we proceed to show that such a connection exists, but let us first discuss certain aspects of localization on S 4 θ . 3.3. The local algebra S 4 θ,loc . For the classical 4-sphere, the vector fields corresponding to E 1 , E 2 , E 3 , E 4 are linearly independent in the chart given in Section 2.2. Thus, as already mentioned, the module M does not correspond to the module of vector fields of S 4 , but rather to a local trivialization in the chart U 0 . In this chart, the functions |w| 2 , |z| 2 and 1 − t 2 are invertible, and in analogy with this situation we shall introduce a localization of the algebra S 4 θ in order to be able to perform computations in a "noncommutative chart". Moreover, let us also consider the inverse of 1 + T 2 (which is globally invertible in the classical setting) as it is an algebraic prototype of the kind of perturbations of the metric that we will consider. To this end, we let S be the multiplicative subset of S 4 θ generated by 1, |Z| 2 , |W | 2 , 1 − T 2 and 1 + T 2 . Since every element of S is central, S trivially fulfills the left (and right) Ore condition [Ore31] . Hence, the localization of S 4 θ at S exists, and we denote it by S 4 θ,loc . In other words, S 4 θ,loc is constructed from S 4 θ by adding the formal inverses of |Z| 2 , |W | 2 , 1−T 2 and 1+T 2 . Clearly, (M, h δ , g ϕ ), as constructed above, is also a real metric calculus over S 4 θ,loc . In what follows, we shall discuss the two algebras in parallel.
Let us take a closer look at the structure of the noncommutative localization we have introduced. The algebra S 4 θ has been localized to include elements, which are classically not globally defined, and the corresponding free module M has been defined, which we claim to be the local trivialization of the module of vector fields. Now, is there a global module of vector fields, for which M is a localization? For the noncommutative 4-sphere, a particular projective module presents itself as a natural candidate. Defining P : (S
where U = e i U i , it is easy to check that P 2 = P since
Let us denote the image of P by T S 4 θ , which is, by definition, a finitely generated projective module. In classical geometry, P is the projector that defines the module of vector fields on S 4 . Let us now show that, over the local algebra S 4 θ,loc , this module is isomorphic to the module of the real metric calculus we have previously constructed. Proof. First of all, it is easy to check that E 1 , E 2 , E 3 , E 4 ∈ T S 4 θ ; for instance,
since [X 1 , X 2 ] = 0, which implies that P(E 1 ) = E 1 and E 1 ∈ T S 4 θ . Thus, it follows that M ⊆ T S 4 θ . Next, we will show that T S 4 θ ⊆ M , by explicitly writing P(e i ) (for i = 1, 2, 3, 4, 5) as linear combinations of E 1 , E 2 , E 3 , E 4 . Since {P(e i )} 5 i=1 generates T S 4 θ , this shows that every element of T S 4 θ can be written in terms of E 1 , E 2 , E 3 , E 4 . We claim that
Let us show that P(e 1 ) can be written as the linear combination given above. The proof of the other four identities is analogous. First, one checks that
Next, write
and compute the components one by one
Thus, we have shown that
which, together with the other four analogous computations, shows that T S = 2α a δ, for a = 1, 2, 3, 4 , where α a ∈ S 4 θ,loc and α * a = α a . Then there exists a unique connection ∇, such that (M, h δ , g ϕ , ∇) is a pseudo-Riemannian calculus over S 4 θ,loc , and ∇ is given by
and
Proof. Let us recall (cf. [AW16] ) that Kozul's formula
where E 1 , E 2 , E 3 ∈ M ϕ and d 1 , d 2 , d 3 ∈ g, gives a straight-forward way of finding a connection on M such that (M, h δ , g ϕ , ∇) is a pseudo-Riemannian calculus. Namely, if one finds U ab ∈ M such that
for all a, b, c ∈ {1, 2, 3, 4} then (since the module M is free) one may set ∇ a E b = U ab , and it follows that (M, h δ , g ϕ , ∇) is a pseudo-Riemannian calculus (see Corollary 3.8 in [AW16] ). It is straight-forward to check that the expressions given in Proposition 3.10 fulfill (3.9). For instance, to check Kozul's formula for ∇ 1 E 1 one sets
which gives
This shows that ∇ 1 E 1 satisfies Kozul's formula (3.9). The other connection components can be checked in an analogous way. Let us now consider the claim that
This fact is easily derived from Kozul's formula. Namely, one notes that
and computes using Kozul's formula:
using that h δ ab = h δ ba and the fact that T is hermitian and central. Since the metric is non-degenerate, it follows that
Note that if α 1 = α 2 = α 3 = 0, the connection in Proposition 3.10 only involves elements of S 4 θ and is therefore a valid connection for (M, h δ , g ϕ , ∇) over S 4 θ . In particular, this is true for the unperturbed metric; i.e. for δ = 1. 4 θ and showed that it is isomorphic to M (as a right S 4 θ,loc -module) in Proposition 3.9. As is well known, a projective module defined by a projector P, admits a connection of the form
which is compatible with the canonical metric on the free module. Thus, having argued that one may regard the module M as a localization of the (global) module T S 4 θ , it is natural to ask if the connection on T S 4 θ , defined in the above manner, coincides with the connection found in Proposition 3.10 for the unperturbed metric. (3.7) ) and set∇
for a = 1, 2, 3, 4. Then∇ a E b = ∇ a E b for a, b = 1, 2, 3, 4 and δ = 1.
Proof. Let us prove the statement by computing∇ a E b for a, b = 1, 2, 3, 4 (i.e. 16 components in total) and compare it with Proposition 3.10 for δ = 1. Since the calculations are straight-forward we shall only present one of them here to illustrate how they are performed. Thus,
Now, for comparison, we find ∇ 1 E 1 from Proposition 3.10 when δ = 1:
which equals∇ 1 E 1 . The remaining computations are done in an analogous way. 4 is given by sin ϕ cos ϕ cos 3 ψ dξ 1 dξ 2 dψdϕ and for the perturbed metric δg 0 one obtains dV = δ 2 sin ϕ cos ϕ cos 3 ψ dξ 1 dξ 2 dψdϕ.
In order to reflect the fact that one would like to integrate with respect to the perturbed metric, we introduce τ δ (a) = τ δaδ .
Let us note a few properties of the linear functional τ δ . We start with the following lemma:
Proof. Let us start by considering τ δ (e I ) when I = (j, k, l, m, 0). Assuming that δ ∈ Z(S 4 θ ) and θ / ∈ Q, one may write
by Proposition 3.3, and
a i1i2ǫ τ e (j+i1,k+i1,l+i2,m+i2,ǫ) . which, by using the same argument as above, implies that τ δ (e (j,k,l,m,1) ) = 0 if
for all a, b ∈ S 4 θ . Proof. To prove (1), we show that τ δ ([e I1 , e I2 ]) = 0. By using Lemma 3.1 one obtains
if ǫ 1 + ǫ 2 ≤ 1, and
if ǫ 1 +ǫ 2 = 2. From Lemma 4.1 it follows that if j 1 +j 2 = k 1 +k 2 or l 1 +l 2 = m 1 +m 2 then τ δ ([e I1 , e I2 ]) = 0. On the other hand, if j 1 + j 2 = k 1 + k 2 and l 1 + l 2 = m 1 + m 2 then
]) = 0 from (4.1). For (2), we again consider a = I a I e I and find
Since τ δ (e I ) = 0 if j = k or l = m (by Lemma 4.1), the above sum equals
using that τ δ (e I ) ∈ R when j = k and l = m.
For the forthcoming discussion of the Gauss-Chern-Bonnet theorem, we extend τ δ to the commutative subalgebra Z loc ⊆ S 4 θ,loc given by
by defining a homomorphism (of commutative * -algebras) φ 0 :
as well as
.
For φ 0 to be well-defined, one needs to check that the above definition is compatible with the relations in Z loc . The only nontrivial relation to check is
which shows that φ 0 is indeed well-defined. Note that φ 0 coincides with φ on Z(S 4 θ ). Finally, for δ ∈ Z loc , we define
for a ∈ Z loc , whenever the above integral is convergent. (For instance, the integral does not exists when a = (1 − T 2 ) −2 .) 4.2. The Gauss-Chern-Bonnet theorem. For a closed surface Σ, the GaussBonnet theorem states that the integral of the Gaussian curvature over Σ is proportional to the Euler characteristic of Σ. This provides an important link between topology and Riemannian geometry. In particular, since the Euler characteristic is independent of any metric tensor, the integral gives the same value if we perturb the metric. This theorem has been generalized to closed even dimensional Riemannian manifolds, where the scalar curvature is replaced by the Pfaffian of the curvature form. In case of a closed four dimensional manifold M , the Gauss-Chern-Bonnet theorem states that
where R abcd is the Riemann curvature tensor, Ric ab is the Ricci curvature, S denotes the scalar curvature and χ(M ) is the Euler characteristic of M . (Recall that χ(S 4 ) = 2.) In this section, we will show that there exists an analogue of the Gauss-Chern-Bonnet theorem for the pseudo-Riemannian calculus of S 4 θ we have developed. Our approach is based on the fact that all coefficients of the curvature tensor lie in the commutative subalgebra Z loc , which allows us to compute directly the Pfaffian of the curvature form.
Let us consider a metric perturbation δ ∈ Z loc that is a polynomial in T , and such that δ is invertible in Z loc . It follows that α 1 = α 2 = α 3 = 0 (in the notation of Section 3.4), since ∂ 1 T = ∂ 2 T = ∂ 3 T = 0. Moreover,
where δ ′ (T ) denotes the (formal) derivative of the polynomial δ(T ) with respect to T , which implies that
An example of such a perturbation is given by δ = (1 + T 2 ) N which gives
Moreover, by α ′ we shall denote the (formal) derivative of α(T ) with respect to T . For easy reference, let us recall the formulas from Proposition 3.10 in the situation where α 1 = α 2 = α 3 = 0:
It is now straight-forward to compute the curvature:
R(∂ 3 , ∂ 4 )E 1 = 0 R(∂ 3 , ∂ 4 )E 2 = 0 and the only non-zero curvature components R abpq = h δ (E a , R(∂ p , ∂ q )E b ) turn out to be
In the local algebra Z loc , the metric h δ is invertible since δ is invertible. Moreover, every component of the metric, as well as of the curvature, is central, which implies that there exists a naive analogue of the integrand in (4.2). Setting Proof. Since δ is a polynomial in T and ∂ 4 T = T 2 − 1, one can express α in terms of T and, by a slight abuse of notation, we let α(t) be such that φ 0 (α) = α(sin ψ). In this notation, the assumption on φ 0 (α) may be stated as α(1) = α(−1) = 0.
From the definition of τ δ,loc it follows that In this paper, we have preferred to stay in the purely algebraic regime, and have thus not considered any smooth completion of S 4 θ , in order to stress the point that our results do not depend on the analytic structure. However, we expect that Theorem 4.3 holds true even for more general perturbations in a potentially larger algebra. For instance, if δ = e λT exists for all λ ∈ R, one obtains α = λ 2 (T 2 − 1) which clearly fulfills the conditions of Theorem 4.3. Moreover, one may consider perturbations given, not only as functions of T , but as more general elements of Z loc . Although our approach to the Gauss-Bonnet-Theorem may be too naive to have any impact on the general problem, we hope that our investigations will contribute to the growing understanding of Riemannian curvature in noncommutative geometry. 
